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ON THE COEFFICIENTS OF THE EQUIVARIANT SZEGO˝ KERNEL
ASYMPTOTIC EXPANSIONS
CHIN-YU HSIAO, RUNG-TZUNG HUANG, AND GUOKUAN SHAO
Abstract. Let (X,T 1,0X) be a compact connected orientable strongly pseudoconvex CR man-
ifold of dimension 2n + 1, n ≥ 1. Assume that X admits a connected compact Lie group G
action and a transversal CR S1 action, we compute the coefficients of the first two lower order
terms of the equivariant Szego˝ kernel asymptotic expansions with respect to the S1 action.
Contents
1. Introduction and statement of the main results 1
2. Preliminaries 5
2.1. Some standard notations 5
2.2. CR manifolds 6
2.3. Pseudohermitian geometry 7
2.4. G-equivariant Szego˝ kernels 8
3. Local expression for coefficients of lower order terms 9
4. Global expression for coefficients of lower order terms 17
References 22
1. Introduction and statement of the main results
Let (X,T 1,0X) be a CR manifold of dimension 2n + 1, n ≥ 1, and (q)b the Kohn Lalpacian
acting on (0, q) forms. The Szego˝ kernel S(q)(x, y) is the distribution kernel of the orthogonal
projection S(q) : L2(0,q)(X) → Ker
(q)
b . The study of Szego˝ kernels is an important subject
in several complex variables and CR geometry. Assume that X is the boundary of a strongly
pseudoconvex domain, Boutet de Monvel-Sjo¨strand [1] proved that S(0)(x, y) is a complex Fourier
integral operator. The first author [5] established Boutet de Monvel-Sjo¨strand type theorems
for S(q)(x, y), q > 0, on a non-degenerate CR manifold.
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When a CR manifold admits a compact Lie group G action, the study of G-equivariant Szego˝
kernels is important in geometric quantization theory. Recently, Hsiao-Huang [8] obtained G-
invariant Boutet de Monvel-Sjo¨strand type theorems and Hsiao-Ma-Marinescu [9] established
geometric quantization on CR manifolds by using G-invariant Szego˝ kernels asymptotic expan-
sions. In this paper, we consider a strongly pseudoconvex CR manifold X which admits a
compact Lie group G × S1 action. Under certain assumptions of the group G × S1 action, by
using the method in [8], we can show that the m-th Fourier component of the G-equivariant
Szego˝ kernel Sk,m := S
(0)
k,m admits an asymptotic expansion in m. It is quite interesting to
know the coefficients of the asymptotic expansion for Sk,m. In this work, we calculated the first
two coefficients of the expansion of Sk,m. It should be mentioned that the coefficients of the
asymptotic expansion for Sk,m will be used in the study of G-equivariant Toeplitz operator.
The calculation of coefficients of asymptotic expansions for Bergamn and Szego˝ kernels is an
active subject. Lu [11] computed the coefficients of the first four lower order terms for Bergman
kernel asymptotic expansions by using Tian’s peak section method, see also Wang [17]. Ma-
Marinescu [13] used formal power series to compute coefficients for Bergman kernel asymptotic
expansions, see also [3, 6, 7, 10, 12, 14]. Ma-Zhang [15] studied asymptotic expansions of G-
invariant Bergman kernels and also computed the first two coefficients of the expansion.
We now formulate the main results. We refer to Section 2 for some notations and terminol-
ogy used here. Let (X,T 1,0X) be a compact connected orientable strongly pseudoconvex CR
manifold of dimension 2n + 1, n ≥ 1, where T 1,0X denotes the CR structure of X. Assume
that X admits a d-dimensional connected compact Lie group G action and a transversal CR S1
action. Let T be the global real vector field on X induced by the S1 action and let ω0 be the
global one form given by (2.1) below. Let J be the complex structure on HX defined in the
beginning of Section 2.2. Denote by g the Lie algebra of G. For any ξ ∈ g, let ξX be the vector
field on X induced by ξ. That is, (ξXu)(x) =
∂
∂t
(u(exp(tξ) ◦ x)) |t=0, for any u ∈ C∞(X). Let
g = Span (ξX ; ξ ∈ g). We assume throughout the paper that
Assumption 1.1.
The Lie group G action is CR and preserves ω0 and J and , (1.1)
T is transversal to the space g at every point p ∈ µ−1(0), (1.2)
eiθ ◦ g ◦ x = g ◦ eiθ ◦ x, for all x ∈ X, θ ∈ [0, 2π[, g ∈ G. (1.3)
We recall that the Lie group G action preserves ω0 and J means that g
∗ω0 = ω0 on X and
g∗J = Jg∗ on HX, for every g ∈ G, where g∗ and g∗ denote the pull-back map and push-forward
map of G, respectively. The G action is CR means that for every ξX ∈ g,
[ξX , C
∞(X,T 1,0X)] ⊂ C∞(X,T 1,0X).
Definition 1.2. The momentum map associated to the form ω0 is the map µ : X → g∗ such
that, for all x ∈ X and ξ ∈ g, we have
〈µ(x), ξ〉 = ω0(ξX(x)).
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We also assume that
Assumption 1.3. 0 is a regular value of µ and G× S1 acts freely near µ−1(0).
By Assumption 1.3, µ−1(0) is a d-codimensional submanifold of X. In [8], it was showed
that µ−1(0)/G is a CR manifold with natural CR structure induced by T 1,0X of dimension
2n− 2d+ 1.
Let R = {R1, R2, ...} be the collection of all irreducible unitary representations of G, including
only one representation from each equivalent class. Write
Rk : G→ GL(Cdk), dk <∞,
g → (Rk,j,l(g))dkj,l=1,
where dk is the dimension of the representation Rk. Denote by χk(g) := TrRk(g) the trace of
the matrix Rk(g) (the character of Rk). Let u ∈ Ω0,q(X). For every k = 1, 2, . . ., define
uk(x) = dk
∫
G
(g⋆u)(x)χk(g)dµ(g), (1.4)
where dµ(g) is the probability Haar measure on G. For every k = 1, 2, . . ., set
Ω0,q(X)k := {u(x) ∈ Ω0,q(X)|u(x) = uk(x)}. (1.5)
The Levi form on X induces a Hermitian metric 〈 · | · 〉 on CTX as follows:
〈u | v 〉 = −1
2i
〈 dω0 , u ∧ v 〉, u, v ∈ T 1,0X,
T 1,0X ⊥ T 0,1X,
〈T |T 〉 = 1, T ⊥ (T 1,0X ⊕ T 0,1X).
(1.6)
Let ( · | · ) be the L2 inner product on Ω0,q(X) induced by 〈 · | · 〉. For every m ∈ Z, k = 1, 2, . . .,
let
Ω0,qm (X) :=
{
u ∈ Ω0,q(X); Tu = imu} , q = 0, 1, 2, . . . , n,
Ω0,qm (X)k =
{
u ∈ Ω0,q(X)k; Tu = imu
}
, q = 0, 1, 2, . . . , n.
(1.7)
Let L2(0,q)(X)k, L
2
(0,q),m(X) and L
2
(0,q),m(X)k be the completions of Ω
0,q(X)k, Ω
0,q
m (X) and
Ω0,qm (X)k with respect to ( · | · ) respectively. We denote C∞(X)k := Ω0,0(X)k, L2(X)k :=
L2(0,0)(X)k, C
∞
m (X) := Ω
0,0
m (X), L2m(X) := L
2
(0,0),m(X), C
∞
m (X)k := Ω
0,0
m (X)k, L
2
m(X)k :=
L2(0,0),m(X)k.
Let ∂b : Ω
0,q(X) → Ω0,q+1(X) be the tangential Cauchy-Riemann operator. Since G and S1
actions are CR, ∂b : Ω
0,q
m (X)k → Ω0,q+1m (X)k, for every m ∈ Z, k = 1, 2, . . .. Hence,
∂b : Dom ∂b
⋂
L2m(X)k → L2(0,1),m(X)k, for every m ∈ Z and k = 1, 2, . . ..
Let
Sk,m := S
(0)
k,m : L
2(X)→ Ker ∂b
⋂
L2m(X)k
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be the orthogonal projection with respect to ( · | · ). We call Sk,m the m-th Fourier component
of the G-equivariant Szego˝ kernel. Since the S1 action is transversal, it is easy to see that
Ker ∂b
⋂
L2m(X)k is a finite dimensional subspace of C
∞
m (X)k and hence Sk,m is smoothing. Let
Sk,m(x, y) ∈ C∞(X × X) be the distribution kernel of Sk,m. We can repeat the procedure as
in [8] and deduce that for every x ∈ µ−1(0),
Sk,m(x, x) ∼
+∞∑
j=0
mn−
d
2
−jbj,k(x) in S
n− d
2
loc (1;µ
−1(0)× µ−1(0)),
bj,k(x) ∈ C∞(µ−1(0)), j = 0, 1, . . . .
(1.8)
(We refer the reader to Section 2.1 for the semi-classical notations used in (1.8) and Theorem 1.4
below.) The goal of this work is to compute the first two terms of the expansion (1.8). More
precisely, we have
Theorem 1.4. With the assumptions and notations used above, let p ∈ µ−1(0) and U an open
neighborhood of p with a local coordinate x = (x1, . . . , x2n+1). Then, as m→ +∞,
Sk,m(x, y) = e
imΨk(x,y)bk(x, y,m) +O(m
−∞),
bk(x, y,m) ∈ Sn−
d
2
loc (1;U × U),
bk(x, y,m) ∼
∑∞
j=0m
n− d
2
−jbj,k(x, y) in S
n− d
2
loc (1;U × U),
bj,k(x, y) ∈ C∞(U × U), j = 0, 1, 2, . . . ,
(1.9)
Ψk(x, y) ∈ C∞(U × U), dxΨk(x, x) = −dyΨk(x, x) = −ω0(x), for every x ∈ µ−1(0), ImΨk ≥ 0,
Ψk(x, y) = 0 if and only if x = y ∈ µ−1(0). Moreover, we have
b0,k(p) =
1
2
π
d
2
−n−12
d
2
d2k
Veff (p)
. (1.10)
b1,k(p) =
1
4
π
d
2
−n−12
d
2
d2k
Veff (p)
R(p)
+
1
4
π
d
2
−n−12
d
2
dk
Veff (p)
1+ 2
d
∆dµχ¯k(p)
− 1
32
π
d
2
−n−12
d
2
d2k
Veff (p)
(2(Veff (p))
− 2
dSG(p)−Re(p)),
(1.11)
where R is the Tanaka-Webster scalar curvature with respect to the pseudohermitian structure
−ω0 (cf. (2.4)), χk is the character of the dk-dimensional irreducible representation Rk of G
(cf. Subsection 2.4), ∆dµ is the Laplacian induced by the probability Haar measure on G, SG is
the scalar curvature of G induced by the probability Haar measure on G (see (4.12)), Re is the
scalar curvature of X in the direction of G (see Definition 4.2) and Veff is given by (3.7).
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2. Preliminaries
2.1. Some standard notations. We shall use the following notations: N = {1, 2, . . .}, N0 =
N∪{0}, R is the set of real numbers, R+ := {x ∈ R; x ≥ 0}. For a multi-index α = (α1, . . . , αn) ∈
N
n
0 , we denote by |α| = α1 + . . . + αn its norm. For m ∈ N, write α ∈ {1, . . . ,m}n if αj ∈
{1, . . . ,m}, j = 1, . . . , n. α is strictly increasing if α1 < α2 < · · · < αn. For x = (x1, . . . , xn), we
write
xα = xα11 . . . x
αn
n ,
∂xj =
∂
∂xj
, ∂αx = ∂
α1
x1
. . . ∂αnxn =
∂|α|
∂xα
.
Let z = (z1, . . . , zn), zj = x2j−1 + ix2j , j = 1, . . . , n, be coordinates of C
n. We write
zα = zα11 . . . z
αn
n , z
α = zα11 . . . z
αn
n ,
∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
− i ∂
∂x2j
)
, ∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
+ i
∂
∂x2j
)
,
∂αz = ∂
α1
z1
. . . ∂αnzn =
∂|α|
∂zα
, ∂αz = ∂
α1
z1
. . . ∂αnzn =
∂|α|
∂zα
.
For j, s ∈ Z, set δj,s = 1 if j = s, δj,s = 0 if j 6= s.
Let M be a m-dimensional smooth orientable paracompact manifold. Let TM and T ∗M
denote the tangent bundle of M and the cotangent bundle of M , respectively. The complexified
tangent bundle of M and the complexified cotangent bundle of M will be denoted by CTM :=
C ⊗R TM and CT ∗M := C ⊗R T ∗M , respectively. We denote by 〈 · , · 〉 the pointwise duality
between TM and T ∗M . We extend 〈 · , · 〉 bilinearly to CTM × CT ∗M .
Let F be a smooth vector bundle over M . Let D′(M,F ) and C∞(M,F ) denote the spaces
of distribution sections of M with values in F and smooth sections of M with values in F
respectively. We denote by E′(M,F ) the subspace of D′(M,F ) whose elements have compact
support in M . Put C∞c (M,F ) := C
∞(M,F )
⋂
E′(M,F ).
Let W1 be an open set in R
N1 and let W2 be an open set in R
N2 . Let E and F be vector
bundles overW1 andW2, respectively. Anm-dependent continuous operator Am : C
∞
c (W2, F )→
D′(W1, E) is called m-negligible on W1 ×W2 if, for m large enough, Am is smoothing and, for
any K ⋐W1 ×W2, any multi-indices α, β and any N ∈ N, there exists CK,α,β,N > 0 such that
|∂αx ∂βyAm(x, y)| ≤ CK,α,β,Nm−N on K, for all m≫ 1.
In that case we write
Am(x, y) = O(m
−∞) on W1 ×W2,
or
Am = O(m
−∞) on W1 ×W2.
If Am, Bm : C
∞
c (W2, F ) → D′(W1, E) are m-dependent continuous operators, we write Am =
Bm+O(m
−∞) onW1×W2 or Am(x, y) = Bm(x, y)+O(m−∞) onW1×W2 if Am−Bm = O(m−∞)
on W1 ×W2.
We recall the definition of the semi-classical symbol spaces
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Definition 2.1. Let W be an open set in RN . Let
S(1;W ) :=
{
a ∈ C∞(W ) | ∀α ∈ NN0 : sup
x∈W
|∂αa(x)| <∞
}
,
S0loc (1;W ) :=
{
(a(·,m))m∈R | ∀α ∈ NN0 ,∀χ ∈ C∞c (W ) : sup
m∈R,m≥1
sup
x∈W
|∂α(χa(x,m))| <∞
}
.
For k ∈ R, let
Skloc(1) := S
k
loc(1;W ) =
{
(a(·,m))m∈R | (m−ka(·,m)) ∈ S0loc (1;W )
}
.
Hence a(·,m) ∈ Skloc(1;W ) if for every α ∈ NN0 and χ ∈ C∞0 (W ), there exists Cα > 0 independent
of m, such that |∂α(χa(·,m))| ≤ Cαmk holds on W .
Consider a sequence aj ∈ Skjloc (1), j ∈ N0, where kj ց −∞, and let a ∈ Sk0loc (1). We say
a(·,m) ∼
∞∑
j=0
aj(·,m) in Sk0loc (1),
if, for every ℓ ∈ N0, we have a −
∑ℓ
j=0 aj ∈ Skℓ+1loc (1) . For a given sequence aj as above, we
can always find such an asymptotic sum a, which is unique up to an element in S−∞loc (1) =
S−∞loc (1;W ) := ∩kSkloc (1).
Similarly, we can define Skloc (1;Y ), S
k
loc (1;Y,E) in the standard way, where Y is a smooth
manifold and E is a vector bundle over Y .
Let b(m) be m-dependent function. We write b(m) = O(m−∞) if for every N > 0, there is a
constant CN > 0 such that |b(m)| ≤ CNm−N , for every m≫ 1. We write b(m) ∼
∑+∞
j=0 ajm
ℓ−j,
where aj ∈ C, j = 0, 1, . . ., if for every q ∈ N, we have |b(m) −
∑q
j=0 ajm
ℓ−j| ≤ Cqmℓ−q−1, for
all m≫ 1, where Cq > 0 is a constant independent of m.
2.2. CR manifolds. Let (X,T 1,0X) be a compact, connected and orientable CR manifold of
dimension 2n+ 1, n ≥ 1, where T 1,0X is a CR structure of X, that is, T 1,0X is a subbundle of
rank n of the complexified tangent bundle CTX, satisfying T 1,0X∩T 0,1X = {0}, where T 0,1X =
T 1,0X , and [V,V] ⊂ V, where V = C∞(X,T 1,0X). There is a unique subbundleHX of TX such
that CHX = T 1,0X ⊕ T 0,1X, i.e. HX is the real part of T 1,0X ⊕ T 0,1X. Let J : HX → HX
be the complex structure map given by J(u + u) = iu − iu, for every u ∈ T 1,0X. By complex
linear extension of J to CTX, the i-eigenspace of J is T 1,0X =
{
V ∈ CHX ; JV = √−1V } .
We shall also write (X,HX, J) to denote a compact CR manifold.
From now on, we assume that X admits a transversal and CR S1-action eiθ. Let T ∈
C∞(X,TX) be the global real vector field onX induced by the S1-action. Let ω0 ∈ C∞(X,T ∗X)
be the non-vanishing 1-form on X given by
〈ω0(x) , u 〉 = 0, for every u ∈ HxX, for every x ∈ X,
〈ω0 , T 〉 = −1 on X.
(2.1)
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The Levi form at x ∈ X is the Hermitian quadratic form on T 1,0x X given by
Lx(U, V ) := − 1
2i
dω0(U, V ), U, V ∈ T 1,0X. (2.2)
In this paper, we assume that X is strongly pseudoconvex, that is, Lx is positive definite at
every point of X.
The Levi form on X induces a Hermitian metric 〈 · | · 〉 on CTX as (1.6). For u ∈ CTX, we
write |u|2 := 〈u|u〉. Denote by T ∗1,0X and T ∗0,1X the dual bundles T 1,0X and T 0,1X, respec-
tively. They can be identified with subbundles of the complexified cotangent bundle CT ∗X.
Define the vector bundle of (0, q)-forms by T ∗0,qX := ∧qT ∗0,1X. The Hermitian metric 〈 · | · 〉 on
CTX induces, by duality, a Hermitian metric on CT ∗X and also on the bundle ⊕2n+1r=1 Λr(CT ∗X).
We shall also denote all these induced metrics by 〈 · | · 〉. Note that we have the pointwise or-
thogonal decompositions:
CT ∗X = T ∗1,0X ⊕ T ∗0,1X ⊕ {λω0 : λ ∈ C} ,
CTX = T 1,0X ⊕ T 0,1X ⊕ {λT : λ ∈ C} .
Let D be an open set of X. Let Ω0,q(D) denote the space of smooth sections of T ∗0,qX over
D and let Ω0,qc (D) be the subspace of Ω0,q(D) whose elements have compact support in D. Let
( · | · ) be the L2 inner product on Ω0,q(X) induced by 〈 · | · 〉. Let L2(0,q)(X) be the completion
of Ω0,q(X) with respect to ( · | · ). We extend ( · | · ) to L2(0,q)(X) in the standard way. We write
L2(X) := L2(0,0)(X).
We need the following classical result on local coordinates [2].
Theorem 2.2. For every point p ∈ X, we can find local coordinates x = (x1, · · · , x2n+1) =
(z, θ) = (z1, · · · , zn, θ), zj = x2j−1+ix2j , j = 1, · · · , n, x2n+1 = θ, defined in some small neighbor-
hood D = {(z, θ) : |z| < δ,−ε0 < θ < ε0} of x0, δ > 0, 0 < ε0 < π, such that (z(p), θ(p)) = (0, 0)
and
T =
∂
∂θ
Zj =
∂
∂zj
+ i
∂ϕ
∂zj
(z)
∂
∂θ
, j = 1, · · · , n
(2.3)
where Zj(x), j = 1, · · · , n, form a basis of T 1,0x X, for each x ∈ D and ϕ(z) ∈ C∞(D,R)
independent of θ. We call (D, (z, θ), ϕ) BRT trivialization, x = (z, θ) canonical coordinates and
{Zj}nj=1 BRT frames.
2.3. Pseudohermitian geometry. In this subsection we recall the definition of Tanaka-Webster
curvature. For this moment, we do not assume that (X,T 1,0X) admits a transversal CR S1 ac-
tion, that is, we only assume that (X,T 1,0X) is a general oriented strongly pseudoconvex CR
manifold of dimension 2n+ 1, n ≥ 1. Since X is orientable, there is a θ0 ∈ C∞(X,T ∗X) which
annihilates exactly HX. Any such θ0 is called a pseudohermitian structure on X. Then there
is a unique vector field Tˆ ∈ C∞(X,TX) on X such that
θ0(Tˆ ) ≡ 1, dθ0(Tˆ , ·) ≡ 0.
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The following is well-known.
Proposition 2.3 ([16], Proposition 3.1). With the notations above, there is a unique linear
connection (Tanaka-Webster connection) denoted by ∇θ0 : C∞(X,TX) → C∞(X,T ∗X ⊗ TX)
satisfying the following conditions:
(1) The contact structure HX is parallel, i.e. ∇θ0U C∞(X,HX) ⊂ C∞(X,HX) for U ∈
C∞(X,TX).
(2) The tensor fields Tˆ , J , dθ0 are parallel, i.e. ∇θ0Tˆ = 0, ∇θ0J = 0, ∇θ0dθ0 = 0.
(3) The torsion τ of ∇θ0 satisfies: τ(U, V ) = dθ0(U, V )Tˆ , τ(Tˆ , JU) = −Jτ(Tˆ , U), U, V ∈
C∞(X,HX).
Let {Zα}nα=1 be a local frame of T 1,0X and let {θα}nα=1 be the dual frame of {Zα}nα=1. Write
Zα = Zα, θ
α = θα. Write
∇θ0Zα = ωβα ⊗ Zβ, ∇θ0Zα = ωβα ⊗ Zβ, ∇θ0 Tˆ = 0.
we call ωβα the connection form of Tanaka-Webster connection with respect to the frame {Zα}nα=1.
We denote by Θβα the Tanaka-Webster curvature form. We have Θ
β
α = dω
β
α−ωγα ∧ωβγ . It is easy
to check that
Θβα = Rα
β
jkθ
j ∧ θk +Aαβjkθj ∧ θk +Bαβjkθj ∧ θk + C ∧ θ0, C is a one-form.
We call Rα
β
jk the pseudohermitian curvature tensor and its trace
Rαk :=
n∑
j=1
Rα
j
jk
is called pseudohermitian Ricci tensor. Write dθ0 = igαβθ
α∧θβ. Let {gσβ} be the inverse matrix
{gαβ}. The Tanaka-Webster scalar curvature R with respect to the pseudohermitian structure
θ0 is given by
R = gkαRαk. (2.4)
In this paper, we will take θ0 = −dω0 and hence Tˆ = T .
2.4. G-equivariant Szego˝ kernels. From now on, we assume that X admits a d-dimensional
connected compact Lie group G action and Assumption 1.1, Assumption 1.3 hold. We first
introduce some notations in representation theory.
We recall that a representation of the group G is a group homomorphism ρ : G → GL(Cd)
for some d ∈ N. The representation represents the elements of the group as d × d complex
square matrices so that multiplication commutes with ρ. The number d is the dimension of the
representation ρ. A representation ρ is unitary if each ρ(g), g ∈ G, is an unitary matrix. A
representation ρ is reducible if we have a splitting Cd = V1 ⊕ V2 so that ρ(g)Vj = Vj for all
g ∈ G, for both j = 1, 2 and 0 < dimV1 < d, where V1 and V2 are vector subspaces of Cd.
If ρ is not reducible, it is called irreducible. Two representations ρ1 and ρ2 are equivalent if
they have the same dimension and there is an invertible matrix A such that ρ1(g) = Aρ2(g)A
−1
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for all g ∈ G. To understand all representations of the group G, it often suffices to study the
irreducible unitary representations. Let
R = {R1, R2, ...}
be the collection of all irreducible unitary representations of G, where each Rk comes from
exactly only one equivalent class. For each Rk, we write Rk as a matrix (Rk,j,ℓ)
dk
j,ℓ=1, where dk is
the dimension of Rk. Denote by χk(g) := TrRk(g) the trace of the matrix Rk(g) (the character
of Rk).
Fix m ∈ Z, let
Sm : L
2(X)→ Ker ∂b
⋂
L2m(X) (2.5)
be the orthogonal projection with respect to ( · | · ). For each Rk, the m-th Fourier component
of the Rk-th G-equivariant Szego˝ projection is the orthogonal projection
Sk,m : L
2(X)→ Ker ∂b
⋂
L2m(X)k (2.6)
with respect to ( · | · ). Let Sm(x, y), Sk,m(x, y) ∈ C∞(X ×X) be the distribution kernels of Sm,
Sk,m respectively. Fix a Haar measure dµ(g) on G so that
∫
G
dµ(g) = 1. It is not difficult to see
that
Sk,m(x, y) = dk
∫
G
Sm(g ◦ x, y)χk(g)dµ(g). (2.7)
3. Local expression for coefficients of lower order terms
We use the same notations and assumptions above. Note that X is strongly pseudoconvex.
In this section, we compute the coefficients of the first two lower order terms of the asymptotic
expansion (1.8). We will first recall the asymptotic expansion result for Sm. We introduce some
geometric objects in Theorem 3.1 below. For u ∈ Λr(CT ∗X), we denote |u|2 := 〈u |u 〉. Let
x = (z, θ) be canonical coordinates on an open set D ⊂ X. Until further notice, we will work
with the canonical coordinates x = (z, θ). Let Z1 ∈ C∞(D,T 1,0X), . . . , Zn ∈ C∞(D,T 1,0X) be
as in Theorem 2.2 and let e1 ∈ C∞(D,T ∗1,0X), . . . , en ∈ C∞(D,T ∗1,0X) be the dual frames.
The CR rigid Laplacian with respect to 〈 · | · 〉 is given by
△L = (−2)
n∑
j,ℓ=1
〈 ej | eℓ 〉ZjZℓ. (3.1)
It is easy to check that △L is globally defined. Let
1
n!
(
(− 1
2π
dω0)
n ∧ (−ω0)
)
(x) = a(x)dx1 · · · dx2n+1 on D,
where a(x) ∈ C∞(D). The rigid scalar curvature SL is given by
SL(x) := △L(log a(x)). (3.2)
It is easy to see that SL(x) is well-defined, SL(x) ∈ C∞(X), TSL(x) = 0, cf. [3]. It is shown in
[3, Theorem 3.5] that SL(x) = 4R(x), where R (cf. (2.4)) is the Tanaka-Webster scalar curvature
with respect to the pseudohermitian structure −ω0.
We recall the following [3]
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Theorem 3.1. Recall that we work with the assumptions that X is a compact connected ori-
entable strongly pseudoconvex CR manifold of dimension 2n + 1, which admits a transversal
CR S1 action. For every m ∈ Z, denote by Sm(x, y) the distribution kernel of the orthogonal
projection Sm (cf. (2.5)). Fix p ∈ X and assume that the S1 action is free near p. Let x = (z, θ)
be canonical coordinates on an open set D ⊂ X of p with (z(p), θ(p)) = (0, 0). Then near (0, 0),
as m→ +∞,
Sm(x, y) = e
imΦ(x,y)a(x, y,m) +O(m−∞),
a(x, y,m) ∼∑+∞j=0mn−jaj(x, y) in Snloc (1;D ×D), aj(x, y) ∈ C∞(X ×X), j = 0, 1, . . ., (3.3)
where Φ(x, y) = x2n+1 − y2n+1 + Φˆ(z, w),
Φˆ(z, w) = i(ϕ(z) + ϕ(w)) − 2i
∑
|α|+|β|≤N
∂|α|+|β|ϕ
∂zα∂z¯β
(0)
zα
α!
w¯β
β!
+O(|(z, w)|N+1), for every N ∈ N,
(3.4)
where ϕ(z, w) ∈ C∞(D ×D) is as in (2.3). Moreover, for a0(x, y), a1(x, y) in (3.3), we have
a0(x, y) = a0(x) := a0(x, x) =
1
2πn+1
,
a1(x) : = a1(x, x) =
1
16πn+1
SL(x) =
1
4πn+1
R(x).
(3.5)
Note that in (3.5), a0(x, y) is a constant function.
Note that the Levi metric in (1.6) is slightly different from that in [3, (3.8)].
Until further notice, we fix an irreducible representation Rk and we fix p ∈ µ−1(0). As
m→ +∞, we have
Sk,m(p) : = Sk,m(p, p) = dk
∫
G
Sm(g ◦ p, p)χk(g)dµ(g)
= dk
∫
G
eimΦ(g◦p,p)a(g ◦ p, p,m)χk(g)dµ(g) +O(m−∞).
(3.6)
Put Yp = {g ◦ p; g ∈ G}, then Yp is a d-dimensional submanifold of X. The G-invariant Her-
mitian metric 〈 · | · 〉 induces a volume form dvYp on Yp. Set
Veff (p) :=
∫
Yp
dvYp . (3.7)
For f(g) ∈ C∞(G), let fˆ(g ◦ p) := f(g), ∀g ∈ G. Then, fˆ ∈ C∞(Yp). Let dµˆ be the measure on
G given by
∫
G
fdµˆ :=
∫
Yp
fˆdvYp , for all f ∈ C∞(G). It is not difficult to see that dµˆ is a Haar
measure and ∫
G
dµˆ = Veff (p). (3.8)
Let e0 denote the identity element of G. Let dµ be the Haar measure on G such that
∫
G
dµ = 1
and let 〈 · | · 〉dµ be the Hermitian metric on TG such that 〈 · | · 〉dµ induces the Haar measure dµ
on G. From now on, we fix p ∈ µ−1(0). We need ( see [8, Theorem 3.6])
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Theorem 3.2. There exist local coordinates y′ = (y1, . . . , yd) of G defined in a neighborhood W
of e0 with y
′(e0) = (0, . . . , 0) such that
〈 ∂
∂yj
| ∂
∂yℓ
〉dµ = 2
(
Veff (p)
)− 2
d
δj,ℓ +O(|y|2), for every j, ℓ = 1, . . . , d,
(y1, . . . , yd) ◦ (0, . . . , 0) = (y1, . . . , yd, 0, . . . , 0), for every (y1, . . . , yd) ∈W,
(3.9)
and we can find local coordinates y = (y1, . . . , yd, yd+1, . . . , y2n+1) of X defined in a neighborhood
U = U1 ×U2 of p with 0↔ p, where U1 ⊂W is an open neighborhood of 0 ∈ Rd, U2 ⊂ R2n+1−d
is an open neighborhood of 0 ∈ R2n+1−d, such that
T =
∂
∂x2n+1
,
g = span
{
∂
∂y1
, . . . ,
∂
∂yd
}
,
T 1,0p X = span {Z1, . . . , Zn} ,
Zj =
1
2
(
∂
∂yj
− i ∂
∂yd+j
)(p), j = 1, . . . , d,
Zj =
1
2
(
∂
∂y2j−1
− i ∂
∂y2j
)(p), j = d+ 1, . . . , n,
Lp(Zj , Zℓ) = δj,ℓ, j, ℓ = 1, 2, . . . , n.
(3.10)
We will also identify ∂
∂yj
, j = 1, . . . , d, as vector fields on X. From (3.8), it is straightforward
to see that
〈 ∂
∂yj
| ∂
∂yℓ
〉 =
(
Veff (p)
) 2
d 〈 ∂
∂yj
| ∂
∂yℓ
〉dµ, j, ℓ = 1, . . . , d. (3.11)
Let x = (z, θ) be canonical coordinates on an open neighborhoodD ⊂ X of p with (z(p), θ(p)) =
(0, 0). Let U1 and U2 be open sets in Theorem 3.2. We take U1 and U2 small enough so that
U1 × U2 ⊂ D in a BRT chart D of p. As before, let y′ = (y1, . . . , yd). From now on, we take
x = (z, θ) so that
∂
∂yj
=
∂
∂x2j−1
+O(|y′|) at (y1, . . . , yd, 0, . . . , 0), j = 1, . . . , d,
ϕ(z) =
n∑
j=1
|zj |2 +O(|z|4),
∂4ϕ
∂zα∂zβ∂zγ∂zδ
(0) = 0, for every α, β, γ, δ = 1, . . . , n,
∂4ϕ
∂zα∂zβ∂zγ∂zδ
(0) = 0, for every α, β, γ, δ = 1, . . . , n,
(3.12)
where ϕ(z) ∈ C∞(D,R) is as in (2.3).
From now on, we will work with y-coordinates and we will identify y′ = (y1, . . . , yd) as local
coordinates of G defined near e0. In y
′-coordinates, we write dµ(g) = V (y′)dy′, V (y′) ∈ C∞(U1).
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From the first property of (3.9), we see that
V (0) = 2
d
2
(
Veff (p)
)−1
,
(
∂
∂yj
V )(0) = 0, j = 1, ..., d.
(3.13)
Let τ(y′) ∈ C∞0 (U1), τ = 1 near y′ = 0. We have
Sk,m(p) = dk
∫
eimΦ(y
′,0)a(y′, 0,m)χk(y′)V (y
′)τ(y′)dy′ +O(m−∞). (3.14)
Let us recall Ho¨rmander’s stationary phase formula [4]
Theorem 3.3. Let D be an open subset in RN and F be a smooth function on D. If ImF ≥ 0,
ImF (0) = 0, F ′(0) = 0, detF ′′(0) 6= 0, then∫
RN
eimF (x)u(x)dx ∼ eimF (0)
(
det
mF ′′(0)
2πi
)− 1
2
∞∑
j=0
m−jLju.
Here
Lju =
∑
ν−µ=j
∑
2ν≥3µ
i−j2−ν〈F ′′(0)−1D,D〉ν
(
hµu
ν!µ!
)
(0), (3.15)
where D = (−i∂x1 , ...,−i∂xN )T , h(x) = F (x)− F (0) − 12〈F ′′(0)x, x〉.
In our case, F (y′) = Φ(y′, 0), u(y′) = a(y′, 0,m)χk(y′)V (y
′)τ(y′). Since p ∈ µ−1(0), we have
∂
∂yj
Φ(p, p) = 〈ω0(p) , ∂
∂yj
〉 = 0,
for j = 1, ..., d. Applying Theorem 3.3, we have
Sk,m(p) ∼ c0dkm−
d
2
∞∑
j=0
m−jLju
∼ mn− d2 b0,k(p) +mn−
d
2
−1b1,k(p) + · · · ,
(3.16)
for some constant c0. Our goal is to compute the coefficients b0,k(p), b1,k(p). From (3.4) and
(3.12), we see that
F (y′) = Φ(y′, 0) = i
d∑
j=1
y2j +O(|y′|3), (3.17)
which satisfies the conditions in Theorem 3.3. Moreover,(
det
mF ′′(0)
2πi
)− 1
2
= π
d
2m−
d
2 ,
〈F ′′(0)−1D,D〉 = i
2
d∑
j=1
∂2
∂y2j
=:
i
2
∆.
(3.18)
ON THE COEFFICIENTS OF THE EQUIVARIANT SZEGO˝ KERNEL ASYMPTOTIC EXPANSIONS 13
So c0 = π
d
2 and
Sk,m(p) ∼ π
d
2 dkm
− d
2
∞∑
j=0
m−jLju. (3.19)
At (y1, . . . , yd, 0, . . . , 0), write
∂
∂yj
=
n∑
ℓ=1
(
aˆj,ℓZℓ + aˆj,ℓZℓ
)
, j = 1, . . . , d,
J(
∂
∂yj
) =
n∑
ℓ=1
(
aˆj,ℓiZℓ + aˆj,ℓ(−i)Zℓ
)
, j = 1, . . . , d,
(3.20)
where Zℓ ∈ T 1,0X is as in (2.3), ℓ = 1, . . . , n, aˆj,ℓ ∈ C, j = 1, . . . , d, ℓ = 1, . . . , n. We rewrite
(3.20):
∂
∂yj
=
∂
∂x2j−1
+
n∑
ℓ=1
aj,ℓ
∂
∂zℓ
+
n∑
ℓ=1
a¯j,ℓ
∂
∂z¯ℓ
+ bj
∂
∂x2n+1
, j = 1, . . . , d,
J(
∂
∂yj
) =
∂
∂y2j−1
+ i
n∑
ℓ=1
aj,ℓ
∂
∂zℓ
− i
n∑
ℓ=1
a¯j,ℓ
∂
∂z¯ℓ
+ cj
∂
∂x2n+1
, j = 1, . . . , d,
(3.21)
where aˆj,ℓ = δj,ℓ + aj,ℓ, bj , cj ∈ R, j = 1, . . . , d, ℓ = 1, . . . , n. We need
Proposition 3.4. With the notations used above, we have aj,ℓ = O(|y′|), bj = O(|y′|2), j =
1, . . . , d, ℓ = 1, . . . , n.
Proof. We only need to show bj = O(|y′|2). At (y1, . . . , yd, 0, . . . , 0) ∈ µ−1(0), we have
0 = ω0(
∂
∂yj
) = ω0(
∂
∂x2j−1
) +
n∑
ℓ=1
aj,lω0(
∂
∂zℓ
) +
n∑
ℓ=1
a¯j,ℓω0(
∂
∂z¯ℓ
)− bj , (3.22)
j = 1, . . . , d. Note that at (y1, . . . , yd, 0, . . . , 0), we have
ω0(
∂
∂x2j−1
) = O(|y′|2), j = 1, . . . , d,
n∑
ℓ=1
aj,ℓω0(
∂
∂zℓ
) +
n∑
ℓ=1
a¯j,ℓω0(
∂
∂z¯ℓ
) = O(|y′|2).
From this observation and (3.22), the proposition follows. 
We claim that the third order term of h vanishes.
Proposition 3.5. Let h be the function defined in Theorem 3.3 with F (y′) = Φ(y′, 0), then
h = O(|y′|4).
Proof. Since
F (y′) = Φ(x, 0) = Φ(x(y′), 0) = iϕ(y′) +O(|y′|N ), for every N ∈ N,
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we have
∂3h
∂yj∂yℓ∂ys
(0) = i
∂3ϕ
∂yj∂yℓ∂ys
(0),
for all j, ℓ, s = 1, ..., d. By the definition of Levi metric, we have
〈 ∂
∂yj
| ∂
∂yℓ
〉 =〈 ∂
∂zj
+
∂
∂z¯j
+
n∑
α=1
aj,α
∂
∂zα
+
n∑
α=1
a¯j,α
∂
∂z¯α
+ bj
∂
∂x2n+1
|
∂
∂zℓ
+
∂
∂z¯ℓ
+
n∑
β=1
aℓ,β
∂
∂zβ
+
n∑
β=1
a¯ℓ,β
∂
∂z¯β
+ bℓ
∂
∂x2n+1
〉
=
∂2ϕ
∂zj∂z¯ℓ
+
∂2ϕ
∂z¯j∂zℓ
+
n∑
β=1
a¯ℓ,β
∂2ϕ
∂zj∂z¯β
+
n∑
β=1
aℓ,β
∂2ϕ
∂z¯j∂zβ
+
n∑
α=1
aj,α
∂2ϕ
∂zα∂z¯ℓ
+
n∑
α=1
a¯j,α
∂2ϕ
∂z¯α∂zℓ
+O(|y′|2) = 2δj,ℓ +O(|y′|2).
Then
2δj,ℓ =
∂2ϕ
∂zj∂z¯ℓ
+
∂2ϕ
∂z¯j∂zℓ
+ (aℓ,j + a¯ℓ,j) + (aj,ℓ + a¯j,ℓ) mod |y′|2.
So
∂
∂ys
(aℓ,j + a¯ℓ,j + aj,ℓ + a¯j,ℓ)(0) = 0, (3.23)
for j, ℓ, s = 1, ..., d. Note that
∂ϕ
∂yj
=
∂ϕ
∂zj
+
∂ϕ
∂z¯j
+
n∑
α=1
aj,α
∂ϕ
∂zα
+
n∑
α=1
a¯j,α
∂ϕ
∂z¯α
.
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Then
∂2ϕ
∂yℓ∂yj
=
( ∂
∂zℓ
+
∂
∂z¯ℓ
+
n∑
β=1
aℓ,β
∂
∂zβ
+
n∑
β=1
a¯ℓ,β
∂
∂z¯β
)
( ∂ϕ
∂zj
+
∂ϕ
∂z¯j
+
n∑
α=1
aj,α
∂ϕ
∂zα
+
n∑
α=1
a¯j,α
∂ϕ
∂z¯α
)
+
n∑
α=1
(
bℓ
∂aj,α
∂x2n+1
∂ϕ
∂zα
+ bℓ
∂a¯j,α
∂x2n+1
∂ϕ
∂z¯α
)
=
( ∂2ϕ
∂zℓ∂zj
+
∂2ϕ
∂zℓ∂z¯j
+
∂2ϕ
∂z¯ℓ∂zj
+
∂2ϕ
∂z¯ℓ∂z¯j
)
+
n∑
α=1
(
aj,α
∂2ϕ
∂zℓ∂zα
+ a¯j,α
∂2ϕ
∂zℓ∂z¯α
+ aj,α
∂2ϕ
∂z¯ℓ∂zα
+ a¯j,α
∂2ϕ
∂z¯ℓ∂z¯α
)
+
n∑
β=1
(
aℓ,β
∂2ϕ
∂zj∂zβ
+ a¯ℓ,β
∂2ϕ
∂zj∂z¯β
+ aℓ,β
∂2ϕ
∂z¯j∂zβ
+ a¯ℓ,β
∂2ϕ
∂z¯j∂z¯β
)
+
n∑
α=1
(∂aj,α
∂yℓ
∂ϕ
∂zα
+
∂a¯j,α
∂yℓ
∂ϕ
∂z¯α
)
+O(|y′|2).
Hence
∂
∂ys
(
∂2ϕ
∂yℓ∂yj
)(0) =
∂
∂ys
(aℓ,j + a¯ℓ,j + aj,ℓ + a¯j,ℓ)(0) +
∂
∂yj
(aℓ,s + a¯ℓ,s)(0). (3.24)
Similarly we have
∂
∂yℓ
(
∂2ϕ
∂ys∂yj
)(0) =
∂
∂yℓ
(as,j + a¯s,j + aj,s + a¯j,s)(0) +
∂
∂yj
(as,ℓ + a¯s,ℓ)(0). (3.25)
By (3.24), (3.25) and (3.23), we have
2
∂3ϕ
∂yj∂yℓ∂ys
(0) =
∂
∂ys
(aℓ,j + a¯ℓ,j + aj,ℓ + a¯j,ℓ)(0)+
∂
∂yℓ
(as,j + a¯s,j + aj,s + a¯j,s)(0) +
∂
∂yj
(as,ℓ + a¯s,ℓ + aℓ,s + a¯ℓ,s)(0) = 0.
The proof is completed. 
We can actually show
Proposition 3.6. At (y1, . . . , yd, 0, . . . , 0), we have
∂aj,ℓ
∂ys
(0) = 0, j, s = 1, . . . , d, ℓ = 1, . . . , n,
where aj,ℓ, j = 1, . . . , d, ℓ = 1, . . . , n, are as in (3.21).
Proof. From the proof of Proposition 3.5 (see (3.24)), we see that
∂
∂ys
(aj,ℓ + a¯j,ℓ)(0) = 0, j, s = 1, . . . , d, ℓ = 1, . . . , n. (3.26)
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Note that 〈J( ∂
∂yj
) |J( ∂
∂yℓ
) 〉 = 2δj,ℓ +O(|y′|2), j, ℓ = 1, . . . , d. From this observation and (3.21),
we can repeat the proof of Proposition 3.5 and deduce that
∂
∂ys
(aj,ℓ − a¯j,ℓ)(0) = 0, j, s = 1, . . . , d, ℓ = 1, . . . , n. (3.27)
From (3.26) and (3.27), the proposition follows. 
It follows from Proposition 3.5 that we only consider the cases when 2ν ≥ 4µ for Lju in (3.15).
Now we compute L0u and L1u.
Let j = 0, then µ = ν = 0. From (3.5) and (3.13), We have
L0u = u(0) = a(0, 0,m)χk(0)V (0)τ(0)
= dkV (0)
(
a0(0)m
n + a1(0)m
n−1 + a2(0)m
n−2 + · · · ). (3.28)
Then
b0,k(p) = π
d
2 d2k
a0(p)
Veff (p)
2
d
2 = 2
d
2
−1π
d
2
−n−1 d
2
k
Veff (p)
. (3.29)
Let j = 1, then ν = 1, µ = 0 or ν = 2, µ = 1. Set
m−1L1u := A1 +A2,
A1 = i
−12−1(〈F ′(0)D , D 〉u)(0),
A2 = i
−12−2(〈F ′(0)D , D 〉)2(hu
2
)(0).
(3.30)
Recall that ( ∂
∂yj
V )(0) = 0, for j = 1, ..., d. When ν = 1, µ = 0,
A1 =
1
4m
∆u(0) =
1
4m
d∑
j=1
∂2
∂y2j
(
a(y′, 0,m)V (y′)χk(y′)τ(y
′)
)
(0)
=
1
4m
d∑
j=1
(
a0(0)
∂2V
∂y2j
(0)dkm
n + a0(0)V (0)
∂2χk
∂y2j
(0)mn
)
+O(mn−2).
(3.31)
When ν = 2, by using Proposition 3.5, we deduce that
A2 =
i
32m
∆2(hu)(0) =
i
32m
d∑
j,ℓ=1
∂4(hu)
∂y2j ∂y
2
ℓ
(0) =
i
32m
d∑
j,ℓ=1
∂4h
∂y2j ∂y
2
ℓ
(0)u(0)
=
i
32m
d∑
j,ℓ=1
∂4h
∂y2j∂y
2
ℓ
(0)a0(0)V (0)dkm
n +O(mn−2).
(3.32)
Combining (3.28), (3.31) and (3.32), we get
b1,k(p) =π
d
2 dk
(
a1(0)dkV (0) +
1
4
a0(0)V (0)∆χk(0)+
1
4
a0(0)dk∆V (0) +
i
32
a0(0)V (0)dk∆
2h(0)
)
.
(3.33)
We need
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Proposition 3.7.
∆V (0) = 2
d
2
−2 1
Veff (p)
d∑
s,j=1
∂2
∂y2s
〈 ∂
∂yj
| ∂
∂yj
〉(p). (3.34)
Proof. Recall that, in y′-coordinates, we write dµ(g) = V (y′)dy′. From (3.11) and Taylor for-
mula, we have
∆V (y′) =∆
(
1
Veff (p)
(
det〈 ∂
∂yj
| ∂
∂yℓ
〉dj,ℓ=1
) 1
2
)
=
1
Veff (p)
d∑
s=1
∂2
∂y2s
(
exp
1
2
log det〈 ∂
∂yj
| ∂
∂yℓ
〉dj,ℓ=1
)
=
1
Veff (p)
d∑
s=1
∂2
∂y2s

exp 1
2
d∑
j=1
(
log〈 ∂
∂yj
| ∂
∂yj
〉+O(|y′|4)
)
=
1
Veff (p)
exp
1
2
d∑
j=1
(
log〈 ∂
∂yj
| ∂
∂yj
〉+O(|y′|4)
)
· 1
2

 d∑
s,j=1
∂2
∂y2s
〈 ∂
∂yj
| ∂
∂yj
〉〈 ∂
∂yj
| ∂
∂yj
〉−1 +O(|y′|2)


=
1
2
1
Veff (p)
(
det〈 ∂
∂yj
| ∂
∂yℓ
〉dj,ℓ=1
) 1
2
·

 d∑
s,j=1
∂2
∂y2s
〈 ∂
∂yj
| ∂
∂yj
〉〈 ∂
∂yj
| ∂
∂yj
〉−1 +O(|y′|2)

 .
Note that 〈 ∂
∂yj
| ∂
∂yℓ
〉 = 2δj,ℓ +O(|y′|2), j, ℓ = 1, · · · , d. Therefore, we derive
∆V (0) = 2
d
2
−2 1
Veff (p)
d∑
s,j=1
∂2
∂y2s
〈 ∂
∂yj
| ∂
∂yj
〉(p).

4. Global expression for coefficients of lower order terms
We now express b1,k as geometric invariants of X and G. From now on, we fix p ∈ µ−1(0)
and we will use the same notations as before. From (3.11), we see that the orthonormal basis
for Te0G is
{ 1√
2
Veff (p)
1
d
∂
∂y1
, ...,
1√
2
Veff (p)
1
d
∂
∂yd
}. (4.1)
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Let ∆dµ be the de Rham Laplacian for functions with respect to 〈 · | · 〉dµ. From (4.1) and (3.11),
we see that
∆ = 2Veff (p)
− 2
d∆dµ +O(|y′|). (4.2)
Recall that ∆ is given by (3.18). From (3.5), (3.13) and (4.2), we get
π
d
2 dk
1
4
a0(0)V (0)(∆χk)(0) =
1
4
π
d
2
−n−12
d
2
dk
Veff (p)
1+ 2
d
(∆dµχk)(e0). (4.3)
Now we compute ∆2h(0) in b1,k. Recall that Φ(y
′, 0) = Φ(x, 0) = iϕ(x) = iϕ(y′) +O(|y′|N ), for
every N ∈ N. Then
∆2h(p) = i∆2ϕ. (4.4)
It suffices to compute
∆2ϕ(0) =
d∑
j,ℓ=1
∂4ϕ
∂y2j∂y
2
ℓ
(0).
For aj,ℓ, bj, j = 1, . . . , d, ℓ = 1, . . . , n, in (3.21), it is easy to see that at (y1, . . . , yd, 0, . . . , 0),
aj,ℓ, bj , j, 1, . . . , d, ℓ = 1, . . . , n, are independent of x2n+1. From now on, we will use Einstein
summation convention. We have
∂2
∂y2j
=(
∂
∂zj
+
∂
∂z¯j
+ aj,α
∂
∂zα
+ a¯j,α
∂
∂z¯α
+ bj
∂
∂x2n+1
)
(
∂
∂zj
+
∂
∂z¯j
+ aj,β
∂
∂zβ
+ a¯j,β
∂
∂z¯β
+ bj
∂
∂x2n+1
)
=
∂2
∂z2j
+
∂2
∂zj∂z¯j
+
∂aj,β
∂zj
∂
∂zβ
+
∂a¯j,β
∂zj
∂
∂z¯β
+ aj,β
∂2
∂zj∂zβ
+ a¯j,β
∂2
∂zj∂z¯β
+
∂2
∂zj∂z¯j
+
∂2
∂z¯2j
+
∂aj,β
∂z¯j
∂
∂zβ
+
∂a¯j,β
∂z¯j
∂
∂z¯β
+ aj,β
∂2
∂z¯j∂zβ
+ a¯j,β
∂2
∂z¯j∂z¯β
+ aj,α
( ∂2
∂zj∂zα
+
∂2
∂zα∂z¯j
+
∂aj,β
∂zα
∂
∂zβ
+
∂a¯j,β
∂zα
∂
∂z¯β
+ aj,β
∂2
∂zα∂zβ
+ a¯j,β
∂2
∂zα∂z¯β
)
+ a¯j,α
( ∂2
∂zj∂z¯α
+
∂2
∂z¯j∂z¯α
+
∂aj,β
∂z¯α
∂
∂zβ
+
∂a¯j,β
∂z¯α
∂
∂z¯β
+ aj,β
∂2
∂z¯α∂zβ
+ a¯j,β
∂2
∂z¯α∂z¯β
)
+Q,
where Q denotes the sum of all the terms involving bj and
∂
∂x2n+1
. From now on, we always
take values at the point p during computations, where we ignore p with no confusion. By direct
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computation and Proposition 3.6, we have
∂4ϕ
∂y2j∂y
2
ℓ
=
( ∂4ϕ
∂z2j ∂z¯
2
ℓ
+ 4
∂4ϕ
∂zj∂z¯j∂zℓ∂z¯ℓ
+
∂4ϕ
∂z¯2j ∂z
2
ℓ
)
+ 2
(∂2aj,j
∂z2ℓ
+
∂2a¯j,j
∂z¯2ℓ
+
∂2aj,j
∂z¯2ℓ
+
∂2a¯j,j
∂z2ℓ
)
+ 4
( ∂2aj,j
∂zℓ∂z¯ℓ
+
∂2a¯j,j
∂zℓ∂z¯ℓ
)
+ 2
( ∂2aj,ℓ
∂zj∂zℓ
+
∂2aj,ℓ
∂z¯j∂z¯ℓ
+
∂2a¯j,ℓ
∂z¯j∂zℓ
+
∂2aj,ℓ
∂zj∂z¯ℓ
+
∂2a¯j,ℓ
∂zj∂zℓ
+
∂2a¯j,ℓ
∂z¯j∂z¯ℓ
+
∂2a¯j,ℓ
∂zj∂z¯ℓ
+
∂2aj,ℓ
∂z¯j∂zℓ
)
.
(4.5)
Note that
∂2aj,j
∂y2ℓ
=
∂2aj,j
∂z2ℓ
+ 2
∂2aj,j
∂zℓ∂z¯ℓ
+
∂2aj,j
∂z¯2ℓ
(4.6)
and
∂2aj,ℓ
∂yj∂yℓ
=
∂2aj,ℓ
∂zj∂zℓ
+
∂2aj,ℓ
∂zj∂z¯ℓ
+
∂2aj,ℓ
∂z¯j∂zℓ
+
∂2aj,ℓ
∂z¯j∂z¯ℓ
. (4.7)
Then we deduce from (4.5), (4.6) and (4.7) that
∂4ϕ
∂y2j∂y
2
ℓ
=
( ∂4ϕ
∂z2j ∂z¯
2
ℓ
+ 4
∂4ϕ
∂zj∂z¯j∂zℓ∂z¯ℓ
+
∂4ϕ
∂z¯2j ∂z
2
ℓ
)
+ 2
∂2
∂y2ℓ
(aj,j + a¯j,j) + 2
∂2
∂yj∂yℓ
(aj,ℓ + a¯j,ℓ).
(4.8)
By the definition of the Levi metric,
〈 ∂
∂yj
| ∂
∂yℓ
〉 =〈aˆj,α
( ∂
∂zα
+ i
∂ϕ
∂zα
∂
∂x2n+1
)
+ aˆj,α
( ∂
∂z¯α
− i ∂ϕ
∂z¯α
∂
∂x2n+1
)∣∣
aˆℓ,β
( ∂
∂zβ
+ i
∂ϕ
∂zβ
∂
∂x2n+1
)
+ aˆℓ,β
( ∂
∂z¯β
− i ∂ϕ
∂z¯β
∂
∂x2n+1
)〉
=
∂2ϕ
∂zj∂z¯ℓ
+
∂2ϕ
∂z¯j∂zℓ
+ a¯ℓ,β
∂2ϕ
∂zj∂z¯β
+ aℓ,β
∂2ϕ
∂z¯j∂zβ
+ aj,α
∂2ϕ
∂z¯ℓ∂zα
+ a¯j,α
∂2ϕ
∂zℓ∂z¯α
+ aj,αa¯ℓ,β
∂2ϕ
∂zα∂z¯β
+ a¯j,αaℓ,β
∂2ϕ
∂z¯α∂zβ
.
Then
∂2
∂y2ℓ
〈 ∂
∂yj
| ∂
∂yj
〉 = 4 ∂
4ϕ
∂zj∂z¯j∂zℓ∂z¯ℓ
+ 2
∂2
∂y2ℓ
(aj,j + a¯j,j), (4.9)
and
∂2
∂yj∂yℓ
〈 ∂
∂yj
| ∂
∂yℓ
〉 = ∂
4ϕ
∂z2j ∂z¯
2
ℓ
+ 2
∂4ϕ
∂zj∂z¯j∂zℓ∂z¯ℓ
+
∂4ϕ
∂z¯2j ∂z
2
ℓ
+
∂2
∂yj∂yℓ
(aj,ℓ + a¯j,ℓ + aℓ,j + a¯ℓ,j).
(4.10)
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By (4.8), (4.9) and (4.10), it turns out that
∂4ϕ
∂y2j ∂y
2
ℓ
=
1
2
∂2
∂y2j
〈 ∂
∂yℓ
| ∂
∂yℓ
〉+ 1
2
∂2
∂y2ℓ
〈 ∂
∂yj
| ∂
∂yj
〉
+
∂2
∂yj∂yℓ
〈 ∂
∂yj
| ∂
∂yℓ
〉 − 2 ∂
4ϕ
∂zj∂z¯j∂zℓ∂z¯ℓ
.
(4.11)
Let h = (hj,ℓ)
n
j,ℓ=1, where hj,ℓ = 〈Zj |Zℓ〉, h−1 = (hj,ℓ)nj,ℓ=1 and θ = (θj,ℓ) = (∂bh)h−1. The
Levi metric induces the rigid Chern connection ∇ as follows
∇ : T 1,0X → CT ∗X ⊗ T 1,0X,∑
cjZj 7→
∑
(dcj)Zj +
∑
ajθj,ℓZl.
Definition 4.1. The rigid Chern curvature of the connection ▽ is
RHX := ∂¯b((∂bh)h
−1) = (Rj,ℓ) ∈ C∞(X,T ∗1,1X ⊗ End(T 1,0X)).
Given U, V ∈ T 1,0X, η =∑ ηjZj ∈ T 1,0X, we have
RHX(U¯ , V )η =
n∑
j,ℓ=1
〈Rj,ℓ, U¯ ∧ V 〉ηℓZj .
Definition 4.2. For x ∈ µ−1(0), let {u1, . . . , ud} be a basis for gx such that {u1− iJu1, . . . , ud−
iJud} is an orthonormal basis for gx − iJgx with respect to 〈 · | · 〉. The scalar curvature of X
in the direction of G is defined by Re(x) :=
∑d
j,ℓ=1〈RHXx (e¯j , eℓ)ej | eℓ 〉, where ej = uj − iJuj ,
j = 1, . . . , d.
It is straightforward to see that Definition 4.2 is well-defined. Let uj =
∂
∂yj
(p), j = 1, . . . , d.
Then, ej :=
1
2(
∂
∂yj
(p)− i(J ∂
∂yj
)(p)), j = 1, . . . , d, is an orthonormal basis for g
p
− iJg
p
.
Lemma 4.3. With the notations used above, we have
〈RHXp (e¯s, et)ej |eℓ〉 =
∂4ϕ
∂z¯s∂zt∂z¯ℓ∂zj
(p).
Thus, Re(p) =
∑d
j,ℓ=1〈RHXp (e¯j , eℓ)ej |eℓ〉.
Proof. By Proposition 3.5, we have ϕ = o(|y′|4). Then
∂¯b((∂bh)h
−1)(p) = ∂¯b
(
(
∂3ϕ
∂zt∂z¯ℓ∂zj
dzt) · ( ∂
2ϕ
∂z¯ℓ∂zj
)−1
)
(p)
=
( ∂4ϕ
∂z¯s∂zt∂z¯ℓ∂zj
dz¯s ∧ dzt
)
(p) · ( ∂
2ϕ
∂z¯ℓ∂zj
)−1(p)
=
( ∂4ϕ
∂z¯s∂zt∂z¯ℓ∂zj
dz¯s ∧ dzt
)
(p).
Hence
〈RHXp (Z¯s, Zt)Zj |Zℓ〉(p) =
∂4ϕ
∂z¯s∂zt∂z¯ℓ∂zj
(p).
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The lemma is proved following the fact that ej(p) = Zj(p), j = 1, . . . , d. 
Recall that the Christoffel symbols of G with respect to 〈 · | · 〉dµ in local coordinates y′ =
(y1, . . . , yd) are given by
Γℓs,t =
1
2
gℓ,j
(∂gj,s
∂yt
+
∂gj,t
∂ys
− ∂gs,t
∂yj
)
, ℓ, s, t = 1, . . . , d,
where gj,ℓ = 〈 ∂∂yj | ∂∂yℓ 〉dµ, j, ℓ = 1, . . . , d, and
(
gj,ℓ
)d
j,ℓ=1
is the inverse matrix of the matrix
(gj,ℓ)
d
j,ℓ=1. The Ricci curvature tensor of G with respect to 〈 · | · 〉dµ in local coordinates y′ =
(y1, . . . , yd) is given by
Rj,ℓ :=
d∑
a=1
∂Γaj,ℓ
∂ya
−
d∑
a=1
∂Γaa,ℓ
∂yj
+
d∑
a,b=1
(
Γaa,bΓ
b
j,ℓ − Γaj,bΓba,ℓ
)
, j, ℓ = 1, . . . , d.
The scalar curvature SG on G with respect to 〈 · | · 〉dµ is defined by
SG = g
j,kRj,k. (4.12)
We can check that
Γℓs,t(p) =
1
2
hℓ,j
(∂hj,s
∂yt
+
∂hj,t
∂ys
− ∂hs,t
∂yj
)
(p) = 0,
where hj,ℓ = 〈 ∂∂yj | ∂∂yℓ 〉. Moreover, it is straightforward to see that
SG(p) = (Veff (p))
2
d
1
4
d∑
j,ℓ=1
( ∂2
∂yj∂yℓ
〈 ∂
∂yj
| ∂
∂yℓ
〉 − ∂
2
∂y2ℓ
〈 ∂
∂yj
| ∂
∂yj
〉)(p). (4.13)
It follows from (4.11), (4.13) and Lemma 4.3 that
∆2ϕ(p) = 2
d∑
j,ℓ=1
∂2
∂y2j
〈 ∂
∂yℓ
| ∂
∂yℓ
〉+ 4(Veff (p))−
2
dSG(p)− 2Re(p). (4.14)
By (3.5), (3.33), (3.34), (4.3), (4.4) and (4.14), we finally obtain
b1,k(p) =
1
4
π
d
2
−n−12
d
2
d2k
Veff (p)
R(p)
+
1
4
π
d
2
−n−12
d
2
dk
Veff (p)
1+ 2
d
∆dµχ¯k(p)
− 1
64
π
d
2
−n−12
d
2
d2k
Veff (p)
(4(Veff (p))
− 2
dSG(p)− 2Re(p)).
(4.15)
From (4.15), Theorem 1.4 follows then.
22 CHIN-YU HSIAO, RUNG-TZUNG HUANG, AND GUOKUAN SHAO
References
[1] L. Boutet de Monvel and J. Sjo¨strand, Sur la singularite´ des noyaux de Bergman et de Szego˝, Aste´risque,
34–35 (1976), 123–164.
[2] M.-S. Baouendi and L.-P. Rothschild and F.-Treves, CR structures with group action and extendability of CR
functions, Invent. Math., 83 (1985), 359–396.
[3] H. Herrmann, C.-Y. Hsiao and X. Li, Szego˝ kernel asymptotic expansion on strongly pseudoconvex CR man-
ifolds with S1 action, Internat. J. Math. 29 (2018), no. 9, 1850061.
[4] L. Ho¨rmander, The analysis of linear partial differential operators. I, Classics in Mathematics, Springer-
Verlag, Berlin, 2003.
[5] C.-Y. Hsiao, Projections in several complex variables, Me´m. Soc. Math. France, Nouv. Se´r. 123 (2010), 131p.
[6] C.-Y. Hsiao, On the coefficients of the asymptotic expansion of the kernel of Berezin-Toeplitz quantization,
Ann. Global Anal. Geom., 42 (2012), no. 2, 207245.
[7] C.-Y. Hsiao, The second coefficient of the asymptotic expansion of the weighted Bergman kernel for (0,q)
forms on Cn, Bull. Inst. Math. Acad. Sin. (N.S.), 11 (2016), no. 3, 521570.
[8] C.-Y. Hsiao and R.-T. Huang, G-invariant Szego˝ kernel asymptotics and CR reduction, arXiv: 1702.05012.
[9] C.-Y. Hsiao, X. Ma and G. Marinescu, Geometric quantization on CR manifolds, arXiv: 1906.05627.
[10] W. Lu, The second coefficient of the asymptotic expansion of the Bergman kernel of the Hodge-Dolbeault
operator, J. Geom. Anal., 25 (2015), no. 1, 25-63.
[11] Z. Lu, On the lower order terms of the asymptotic expansion of Tian-Yau-Zelditch, Amer. J. Math., 122
(2000), no. 2, 235-273.
[12] X. Ma and G. Marinescu, The first coefficients of the asymptotic expansion of the Bergman kernel of the
spinc Dirac operator, Internat. J. Math. 17 (2006), no. 6, 737–759.
[13] X. Ma and G. Marinescu, Generalized Bergman kernels on symplectic manifolds, Adv. Math. 217 (2008),
no. 4, 1756–1815.
[14] X. Ma and G, Marinescu, Berezin-Toeplitz quantization on Ka¨hler manifolds, J. Reine Angew. Math., 662
(2012), 156.
[15] X. Ma and W. Zhang, Bergman kernels and symplectic reduction, Aste´risque, 318, 154 pages, (2008).
[16] N. Tanaka, A Differential Geometric Study on Strictly Pseudoconvex Manifolds, Lecture Notes in Mathematics
(Kinokuniya Bookstore, 1975).
[17] X. Wang, Canonical metrics on stable vector bundles, Commun. Anal. Geom., 13 (2005), 253-285.
Institute of Mathematics, Academia Sinica , Astronomy-Mathematics Building, No. 1, Sec. 4,
Roosevelt Road, Taipei 10617, Taiwan
E-mail address: chsiao@math.sinica.edu.tw or chinyu.hsiao@gmail.com
Department of Mathematics, National Central University, Chung-Li, Taoyuan 32001, Taiwan
E-mail address: rthuang@math.ncu.edu.tw
School of Mathematics (Zhuhai), Sun Yat-sen University, Zhuhai 519082, Guangdong, China
E-mail address: shaogk@mail.sysu.edu.cn
